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Abstract We have obtained the energy eigenvalues and the corresponding eigenfunctions
for the generalized double-well potential in the non-relativistic Schrödinger equation. We
have calculated the creation and annihilation operators directly from the eigenfunction and
we have shown these operators satisfy the commutation relation of the SU(2) group. We
have expressed the Hamiltonian in terms of the su(2) algebra. Some interesting result in-
cluding the standard symmetrical double-well potential, reflectionless-type potential and
V0 tanh2(r/d) potential are also discussed.
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1 Introduction

In resent years, there has been an increasing interest in the study of quantum mechanical
problems by the Lie algebraic methods [1–4], because these methods have been the subject
of interest in many fields of physics and chemistry. For example these methods provide a
way to obtain the wavefunctions of potentials in nuclear [5–7], and polyatomic molecules
[8–12]. On the other hand, the deformed algebras are deformed versions of the usual Lie
algebras where obtained by introducing a deformation parameter q . The deformed algebras
provide appropriate tools for describing systems which cannot be described by the ordi-
nary Lie algebras. We study the dynamical group for generalized symmetrical double-well
potential in the Schrödinger equation. The symmetrical double-well potential offered by
Büyükkilic et al. [13] to describe the vibrational of polyatomic molecules. They obtained
the bound state energy eigenvalue and the corresponding eigenfunctions for this potential
by using the Nikiforov-Uvarov method. They also calculated the solutions of the Ammonia
molecule (NH3) with the help of this potential. Then, Yang [14] generalized the symmetrical
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double-well potential by using the deformed hyperbolic functions [15–18] and applied the
supersymmetry WKB method to obtain the energy eigenvalue of this potential. Also the
solutions of this potential in the relativistic Klein-Gordon and Dirac equations have been
determined by the Shape invariance method [19]. For the case q = 1, we have the same
relations for standard double-well potential [20]. We obtain the creation and annihilation
operators directly from the eigenfunction. Then we show these operators construct the dy-
namical algebra su(2), by the factorization methods [21, 22].

This paper is organized as follows. In Sect. 2 we consider one-dimensional Schrödinger
equation for generalized symmetrical double-well potential, then we obtain the normalized
wave function of this potential. In Sect. 3 we establish the ladder operators for this poten-
tial, also we show that these operators construct the dynamical algebra su(2). By choosing
appropriate parameters we obtain the ladder operators for standard double-well potential,
reflectionless-type potential and V0 tanh2(x/d) in Sect. 4. Finally, the conclusions is given
in Sect. 5.

2 The Eigenvalues and Eigenfunctions

The generalized symmetrical double-well potential is given by [14]

V (x) = V1 tanh2
q αx − V2

cosh2
q αx

, (1)

where the range of parameter q is −1 ≤ q < 0 or q > 0, and the deformed hyperbolic
functions are defined as [15–18].

sinhq x = ex − qe−x

2
, coshq x = ex + qe−x

2
,

cosechqx = 1

sinhq x
, sechqx = 1

coshq x
, (2)

tanhq x = sinhq x

coshq x
, cothq x = coshq x

sinhq x
.

The 1-dimensional Schrödinger equation with generalized symmetrical double-well poten-
tial is as follows:[

− �
2

2M

d2

dx2
+ V1 tanh2

q αx − V2

cosh2
q αx

]
φn(x) = Enφn(x). (3)

Putting u = tanhq αx, we can obtain

[
d

du
(1 − u2)

d

du
+ ν(ν + 1) − μ2

1 − u2

]
φn(x) = 0, (4)

where

ν(ν + 1) = 2M

α2�2

(
V1 + V2

q

)
, μ2 = 2M

α2�2
(V1 − En). (5)

We take the following ansatz for the eigenfunction

φn(x) = (1 − u2)
μ
2 f (u), (6)
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therefore we can rewrite (4) as

(1 − u2)
d2f (u)

du2
− 2u(μ + 1)

df (u)

du
+ [ν(ν + 1) − μ(1 + μ)]f (u) = 0. (7)

Setting ρ = 1
2 (1 − u), the above equation turns to

ρ(1 − ρ)
d2f (ρ)

dρ2
+ (1 + μ)(1 − 2ρ)

df (ρ)

dρ
− (μ − ν)(1 + ν + μ)f (ρ) = 0. (8)

Comparing (8) with the following hypergeometric function [23]

[
x(1 − x)

d2

dx2
+ [c − (a + b + 1)x] d

dx
− ab

]
2F1(a, b, c; x) = 0, (9)

and from the behaviors of the wavefunctions at ρ = 0,1,∞, the solutions of the (8) can be
written as

φn(u) = (1 − u2)
μ
2 2F1

(
μ − ν, μ + ν + 1, μ + 1; 1 − u

2

)
. (10)

Also from consideration of the finiteness of the wavefunction (10) it is shown that the general
quantum condition is

μ − ν = −n, n = 0, 1, 2, . . . . (11)

The energy eigenvalue can be determined by the constrained condition

En = V1 − α2
�

2

2M
(ν − n)2. (12)

We use the following relation between hypergeometric functions and Gegenbauer polyno-
mials:

Cλ
n(x) = �(2λ + n)

n!�(2λ)
2F1

(
−n, 2λ + n,

1

2
+ λ; 1 − x

2

)
. (13)

Now we can write the wavefunction as

φn(u) = Nn(1 − u2)
μ
2 C

ν−n+ 1
2

n (u), (14)

where Nn is the normalized factor to be determined below

∫ ∞

−∞
|φn(x)|2dx = |Nn|2

α

∫ 1

−1
(1 − u2)ν−n−1

[
C

ν−n+ 1
2

n (u)

]2

du = 1. (15)

By using the following relation we can calculate the above integral.

∫ 1

−1
(1 − x2)β− 3

2 [Cβ
n (x)]2dx = π1/2�(β − 1/2)�(2β + n)

n!�(β)�(2β)
, (16)

we have

Nn =
√

αn!(ν − n − 1
2 )!(2ν − 2n)!

π
1
2 (ν − n − 1)!(2ν − n)!

. (17)
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3 The Construction of the Ladder Operators

Now we would like to find the creation and annihilation operators for the wavefunctions with
the factorization method. We define the q-deformed ladder operators L̂q± with the property

L̂q±φν
n(x) = lq±φν

n±1(x). (18)

We consider the following ansatz for ladder operators,

L̂q± = A±(x)
d

dx
+ B±(x). (19)

By the action of the differential operator d
dρ

on the wave function (14) we can obtain

d

du
φν

n(u) = −u(ν − n)

1 − u2
φν

n(u) + Nn

Nn−1

(2ν − 2n + 1)√
1 − u2

φν
n−1(u), (20)

where we have used the relation

dCλ
n(u)

du
= 2λCλ+1

n−1(u). (21)

By using (17), (20) we have

√
1 − u2

[
d

du
+ u(ν − n)

1 − u2

]√
ν − n + 1

s − n
φν

n(u) = √
n(2ν − n + 1)φν

n−1(u), (22)

therefore we define the annihilation operator L̂q− as

L̂q− =
√

1 − u2

[
d

du
+ (ν − n)u

1 − u2

]√
μ + 1

μ

= 1

α

√
1 − tanh2

q αx

[
d

dx
+ α(ν − n) tanhq αx√

1 − tanh2
q αx

]√
μ + 1

μ
, (23)

with the following eigenvalue

lq− = √
n(2ν − n + 1). (24)

Similarly, one can obtain

d

du
φν

n(u) = u(ν − n)

1 − u2
φν

n(u) + Nn

Nn+1

(2ν − n)(n + 1)

(2ν − 2n − 1)
√

1 − u2
φν

n+1(u), (25)

where we have used (21) and the following relation

2(λ − 1)(2λ − 1)Cλ
n(u)

= 4λ(λ − 1)(1 − u2)Cλ+1
n−1 (u) + (2λ + n − 1)(n + 1)Cλ−1

n+1 (u). (26)
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Again, by using (17), (25) we obtain

√
1 − u2

[
− d

du
+ u(ν − n)

1 − u2

]√
ν − n − 1

ν − n
φν

n(u) = √
(n + 1)(2ν − n)φν

n+1(u). (27)

So, we can define the creation operator L̂q+ as

L̂q+ =
√

1 − u2

[
− d

du
+ (ν − n)u

1 − u2

]√
μ − 1

μ

= 1

α

√
1 − tanh2

q αx

[
− d

dx
+ α(ν − n) tanhq αx√

1 − tanh2
q αx

]√
μ − 1

μ
, (28)

with the following eigenvalue

lq+ = √
(n + 1)(2ν − n). (29)

Now, we determine the algebra associated with the operators L̂q−, L̂q+. Using (14), (24),
(29), we calculate the commutator

[L̂q+, L̂q−]φν
n(u) = 2(ν − n)φν

n(u) = 2μφν
n(u). (30)

Then, we define the operator L̂q0 as follows,

L̂q0φ
ν
n(u) = μφν

n(u), (31)

therefore the operators L̂q±, L̂q0 satisfy the following commutation relations

[L̂q+, L̂q−] = 2L̂q0, [L̂q0, L̂q+] = +L̂q+, [L̂q0, L̂q−] = −L̂q−, (32)

which correspond to the su(2) algebra. The Casimir operator can be obtained as

Ĉ = L̂q0(L̂q0 − 1) + L̂q+L̂q− (33)

with the following eigenvalue

c = ν(ν + 1) − 2μ. (34)

The Hamiltonian can be written as

Ĥ = V1 − α2
�

2

2M
L̂2

q0. (35)

4 Discussion

In this section, we obtain the creation and annihilation operators for the standard symmetri-
cal double-well potential, reflectionless-type potential and V0 tanh2(r/d) potential by choos-
ing appropriate parameters in the generalized double-well potential model.
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4.1 Standard Symmetrical Double-Well Potential

If we choose q = 1, the generalized symmetrical double-well potential model given in (1)
reduces to standard symmetrical double-well potential [20]

V (x) = V1 tanh2 αx − V2

cosh2 αx
. (36)

Substituting the corresponding parameter into (23), (28), we obtain the ordinary ladder op-
erators and corresponding eigenvalues for the standard symmetrical double-well potential
as follows

L̂− = 1

α
√

1 − tanh2 αx

[
d

dx
+ α(ν1 − n) tanhαx√

1 − tanh2 αx

]√
μ1 + 1

μ1
,

l− = √
n(2ν1 − n + 1),

L̂+ = 1

α
√

1 − tanh2 αx

[−d

dx
+ α(ν1 − n) tanhαx√

1 − tanh2 αx

]√
μ1 − 1

μ1
,

l+ = √
(n + 1)(2ν1 − n),

(37)

where

ν1(ν1 + 1) = 2M

α2�2
(V1 + V2), μ1 = ν1 − n. (38)

One can show these operators satisfy the su(2) algebra

[L̂+, L̂−] = 2L̂0, [L̂0, L̂+] = +L̂+, [L̂0, L̂−] = −L̂−, (39)

with

L̂0φn(x) = μ1φn(x). (40)

4.2 Reflectionless-Type Potential

If we make the replacement q = 1, α = 1, V1 = 0 and V2 = 1
2λ(λ + 1), the generalized

double-well potential model given in (1) becomes the reflectionless-type potential [24]

V (x) = −1

2
λ(λ + 1) sechx, (41)

where λ is an integer, i.e., λ = 1,2,3, . . . . Making the corresponding parameter into (23),
(28), we obtain the ladder operators for the reflectionless-type potential as

L̂− = 1√
1 − tanh2 x

[
d

dx
+ (ν2 − n) tanhx√

1 − tanh2 x

]√
μ2 + 1

μ2
,

l− = √
n(2ν2 − n + 1),

L̂+ = 1√
1 − tanh2 x

[
− d

dx
+ (ν2 − n) tanhx√

1 − tanh2 x

]√
μ2 − 1

μ2
,

l+ = √
(ν2 + 1)(2ν2 − n),

(42)
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where

ν2(ν2 + 1) = Mλ(λ + 1)/�
2, μ2 = ν2 − n. (43)

These operators satisfy the su(2) algebra.

[L̂+, L̂−] = 2L̂0, [L̂0, L̂+] = +L̂+, [L̂0, L̂−] = −L̂−, (44)

with

L̂0φn(x) = μ2φn(x). (45)

4.3 V0 tanh2(x/d) Potential

If we make the replacement q = 1, α = 1/d , V1 = V0 and V2 = 0, the generalized double-
well potential model given in (1) yields V0 tanh2(x/d) potential [25]

V (x) = V0 tanh2(x/d). (46)

This potential can be converted to the modified Pöschl-Teller potential with a constant shift
[26, 27], i.e., V (x) = V0 − V0/ cosh2(x/d) where Dong et al. [28, 29] have investigated
the energy spectra and wave function of this potential by using the ladder operators and
SU(2) group methods. Substituting the corresponding parameters into (23), (28), we can
consequently obtain the ladder operators for the V0 tanh2(x/d) potential as

L̂− = d√
1 − tanh2(x/d)

[
d

dx
+ (ν3 − n) tanh(x/d)

d
√

1 − tanh2(x/d)

]√
μ3 + 1

μ3
,

l− = √
n(2ν3 − n + 1),

L̂+ = d√
1 − tanh2(x/d)

[
− d

dx
+ (ν1 − n) tanh(x/d)

d
√

1 − tanh2(x/d)

]√
μ3 − 1

μ3
,

l+ = √
(n + 1)(2ν3 − n),

(47)

where

ν3(ν3 + 1) = 2Md2V0/�
2, μ3 = ν3 − n. (48)

These operators satisfy the following commutation relations

[L̂+, L̂−] = 2L̂0, [L̂0, L̂+] = +L̂+, [L̂0, L̂−] = −L̂−, (49)

with

L̂0φn(x) = μ3φn(x), (50)

which correspond to su(2) algebra.

5 Conclusion

In this paper, we have obtained the bound state energy eigenvalue and corresponding
eigenfunctions for generalized double-well potential in one-dimensional non-relativistic
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Schrödinger equation. We have derived the ladder operators, then we have shown these
operators satisfy the SU(2) group. We have expressed the Hamiltonian in terms of the
su(2) algebra. For the case q = 1, we have calculated these solutions for standard double-
well potential. By choosing appropriate parameters we have obtained the same relations for
reflectionless-type potential and V0 tanh2(r/d) potential as special cases.
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